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The polarizations of one relation of degree five and two relations of degree six minimally 
generate the ideal of relations among a minimal generating system of the algebra of multi- 
symmetric polynomials in an arbitrary number of three-dimensional vector variables. In the 



, general case of n-dimensional vector variables, a relation of degree 2n among the polarized 



power sums is presented such that it is not contained in the ideal generated by lower degree 
relations. 
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^ : 1 Introduction 



The symmetric group Sn acts on the n-dimensional complex vector space V := C" by permuting 
coordinates. Consider the diagonal action of 5„ on the space := V (B • • • ® V of m-tuples of 
■ vectors from V. The algebra of multisymmetric polynomials is the corresponding ring of invariants 
Rn.m ■= C[V"^]^", consisting of the polynomial functions on V"^ that are constant along the Sn- 
orbits. 

^ ■ In the special case m = 1, Rn,i is a polynomial ring generated by the elementary symmetric 

polynomials (or by the first n power sums). It is classically known (see [H], [IS], |16j ) that the 
polarizations of the elementary symmetric polynomials constitute a minimal C-algebra generating 
system of Rn,m for an arbitrary m. The ideal of relations among these generators is not completely 
understood, although it was classically studied in [U], [TO], [H], and in a couple of more recent 
papers (see the references in Section [2|). 

An explicit finite presentation of Rn,m by generators and relations is known, see Proposi- 
tion 12.11 below. Note that the price for having a uniform description of the ideal of relations in 
Proposition 12.11 is the inclusion of redundant elements in the system of generators. 

In the present paper for n = 3 we determine a minimal system of generators of the ideal of 
relations among a minimal generating system of R^m- We exploit the natural action of the general 
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linear group GL^ on R^^m- Identify V"^ with the space C"^™" of n x m matrices. The complex 
general linear group GL^ acts on C"^'" by matrix multiplication from the right: x i-^ xg~^ 
{x G C"^™, g € GLm). As usual, this induces an action of GL^ on the coordinate ring C[y™] 
by linear substitution of variables. Since the action of GL^ on commutes with the action of 
Sn, the algebra Rn,m is a GLm-submodule in the coordinate ring C[y™']. In particular, we may 
choose a minimal system of homogeneous C-algebra generators of Rn,m whose C-linear span is 
a GLm-submodule Wn^m hi C[y"]. Write S{Wn^m) for the symmetric tensor algebra of Wn,m- 
(This is polynomial ring, with one variable associated to each element of a fixed basis of Wn,m-) 
Endow the algebra S{Wn,m) with the GLm-niodule structure induced by the representation of 
Ghrri on Wn,m- Consider the natural C-algebra surjection (p : S{Wn,m) Rn,m extending the 
identity map on Wn,m- The ideal ker((/3) of relations among the chosen generators of Rn,m is a 
GLm-submodule of S{Wn,m)- 

The coordinate ring C[y"] = Clxij | i = 1, . . . , n; j = 1, . . . , m] is an nm- variable polynomial 
algebra, where xij stands for the ith coordinate function on the jth vector component. Given a 
monomial w = x"^ • • • xj^™ in the m- variable polynomial algebra C[xi, . . . , x^], set 

n 

[w\ :=Y.x^---x^. 

i=l 

These elements of Rn,m are called the polarized power sums, and 

m 

is a minimal system of C-algebra generators of Rn,m- 

Denote by Wn,m the subspace of Rn,m spanned by the set ([T]). This is a GLm-submodule. In 
the case n = 3, we present three explicit elements in the kernel of the surjection (p : S{W3^m) 
R3,m such that each of them generates an irreducible GLm-submodule in S{W3^m), and the 
union of any C-bases of these three irreducible GL^-submodules constitutes a minimal generating 
system of the ideal kev{ip) (see Theorem 13. ip . 

For arbitrary n we point out a connection between multisymmetric polynomials and vector 
invariants of the full orthogonal group, and use this to show that a homogeneous system of 
generators of the ideal of relations between the polarized power sums must contain a relation of 
degree 2n (see Theorem 13.21 for the precise statement). 

2 Preliminaries 

Denote by Aim the set of monomials in the polynomial algebra C[xi, . . . , Xm], and for a natural 
number d denote by Ad^ the subset of monomials of degree at most d. To each w G Mm associate 
an indeterminate t{w), and take the commutative polynomial algebra J-n,m '■= C[t{w) \ w G Aim] 
in infinitely many variables. For each d € N it contains the subalgebra ^ := C[t{w) \ w G Ai'^ . 
In particular, we identify T^^m S{Wn,m) in the obvious way: by definition, {[w] \w & -^m} 
is a C-vector space basis of Wn^m, and the map [w] i— >■ t{w) extends uniquely to a C-algebra 
isomorphism S{Wn,m) - ^n,m- We denote by ipn,m the surjection ipn,m ■ ^n,m Rn,m given by 
ip{t{'w)) = [w] for all w G Aim- The restriction of ipn,m to J-'nm '^iii be denoted by iPnm> it is a 
surjection onto Rn,m whenever d > n. To simplify notation later in the text, we sometimes write 
!F instead of and p instead of (f^m- 
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We recall some elements in tlie kernel of '^n,m- By a distribution of the set {1, . . . ,n -\- 1} we 
mean a set vr := {vri, . . . ,TTh} of pairwise disjoint non-empty subsets whose union is UiLi = 
{l,...,n + 1}. Write Dn+i for the set of distributions of {l,...,n + 1}. Take monomials 
wi, . . . , Wn+i € Mm, and set 



(2) 



Proposition 2.1 T/ie kernel of the surjection ip^. 



-n+2 



-n+2 



-Rn m is generated as an 



ideal by the elements ^n+iiwi, 
deg(?x;i • • • Wn+i) < n"^ - n + 2. 



,Wn+i), ranging over all choices of monomials Wi G Mm with 



Proposition 12.11 is a special case of a result in [B] dealing with vector invariants of a class of 
complex reflection groups. In loc. cit. we first gave a simple short proof of an infinite version 
about the kernel of Tn,m — > Rn,m (see also [2], [3], [1], [15] for related work). Then we applied 
Derksen's general degree bound for syzygies from [5] and ideas of Garsia and Wallach from [8j to 
derive in particular the above finite presentation of Rn,m in [6j. 

To produce elements in ker((^) = ker(99^ = 'kei{ipn^m)^^n m shall start with the relations 
in Proposition l2.1l belonging to kei{ipn,m) and eliminate the variables t{w) with (leg{w) > n. There 
is one exception, we construct an element J in ker((/j^ „) = kev{ip) n by another method as 
follows: 

/ t{xl) t{xiX2) 



J := det 



t{xl) 

t{x2Xl) 
t{XnXi) 

t{xi) 



t{xl) 



t{XnX2) 
t{x2) 



t{xiXn) 
t{x2Xn) 

t{xl) 

t{Xn) 



t{xi) \ 
t{x2) 



t{Xn) 

n 



(3) 



Proposit ion 2.2 The element J belongs to ker((^^ and g ' J — det^((^)(/ for any g G GL^^. 



Proof. Applying 99 to the entries of the (n + 1) x (n + 1) matrix in 
where 

/ xii X12 ■■■ Xin 1 \ 

2:21 X22 

X 



we get the matrix ■ X, 



X2r. 
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\ Xjil Xn2 

and X^ denotes the transpose of X. Since X has size n x (n + 1), the rank of X^X is at most 
n, hence det{X'^X) = 0, showing that J G ker((^). 

To explain the second statement, let us describe the GLm-action on ^ = S{Wn,m) more 
explicitly. First of all, GL^ acts by C-algebra automorphisms on the m-variable polynomial 
ring C[xi, . . . ,Xm\- Namely, g G GL^ sends the variable Xi to the ith entry of the row vector 
{xi,X2, ■ ■ ■ ,Xm) ■ g (matrix multiplication). Note that the degree d homogeneous component of 
C[xi, . . . , Xm] is GLm-stable, and as a GL^-module, it is isomorphic to the dth. symmetric tensor 
power of the natural m-dimensional representation of GL^ on the space of column vectors. 
Write U for the C-linear span of Mm in C[xi, . . . ,Xm] (so U is the sum of the homogeneous 
components of degree l,2,...,n). It is easy to see that the C-linear map from U — > Rn,m 
induced hy w 1-^ [w] (w G Mm) is a GL^-module isomorphism, so we have U = Wn,m as a 
GLm-module. This shows that the effect of 5 G GL^ on a variable t{w) of is given by the 
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formula g ■ t{w) = t{g ■ w), where for an arbitrary polynomial / = J2weM """^ ^ . . . , Xm], 
we shall mean by t{f) the element X]«)gA4„ awt{w) G Tn,m- 

These considerations show that applying g G GL„ to all entries of the matrix y in ([3]) we get 

the matrix {g)'^Yg, where g stands for the (n + 1) x (n + 1) block diagonal matrix 

Therefore our statement follows by multiplicativity of the determinant. □ 

The idea of applying the GLm-niodule structure in the study of generators and relations of 
rings of invariants C[y"*]'^ (where G is a group of linear transformations on V) is well known, see 
for example section 5.2.7 in [7], or [TJ for a recent application. We collect some necessary facts 
on representations of GL^ on polynomial rings. 

The representation of GL^ on S{Wn^m) is a polynomial representation (cf. il2j). Recall 
that polynomial GLm-modules are completely reducible. The isomorphism classes of irreducible 
polynomial representations are labeled by the set Par^ of partitions with at most m non-zero 
parts. By a partition A = (Ai, . . . , Am) & Par^ we mean a decreasing sequence Ai > A2 > • • • > 
Am > of non-negative integers, and write h{\) for the number of non-zero parts of A. Given 
A G Parm we denote by Vx a copy of an irreducible polynomial GLm-module labeled by A. For 
example, V^^) is isomorphic to the degree k homogeneous component of C[xi, . . . ,Xm], the kth 

symmetric tensor power of the natural GLm-niodule C™, and V^ife) := V(i^ ^i) = /\'^(C™), the 
kth exterior power of C™". We have the GLm-module isomorphism 

W^n,m = 1^(1)0% e---©V^{n) • 

Write Um for the subgroup of unipotent upper triangular matrices in GLm, and write T = 
(C^)™ = C^x---xC^ for the maximal torus consisting of diagonal matrices. Given a polynomial 
GLm-niodule M, we say that a non-zero v € M is a highest weight vector of weight A if u is fixed 
by Um, T stabilizes Cv and acts on it by the weight A, i.e. diag(2;i, . . . , Zm) -v = {z^^ ■ ■ ■ z^)v. In 
this case the GLm-submodule generated by v is isomorphic to V\. The irreducible GLm-niodule 
V\ contains a unique (up to non-zero scalar multiples) vector fixed by Um, and (up to non-zero 
scalar multiples), it is the only vector in Vx on which T acts by the weight A. 

The action of T defines a Z^-grading on any GLm-module M: v E M is multihomogeneous 
of multidegree a = (ai, . . . , Om) if diag(2;i, . . . , Zm) • v = (z"^ • • • z^)v for all diag(2;i, . . . , z^) G 
T. In particular, Cfy™], Rn,m, ^n,m become Z^-graded algebras this way, and the map ip : 
^n,m Rn,m is multihomogeueous. The polarized power sum [x"^ • • • x^] is multihomogeneous 
of multidegree (ai, . . . , Um)- 

The above Z™-grading is a refinement of the ususal Z-grading on the polynomial algebra 
C[y"]. Similarly, R 

n^m and J~n,m are graded algebras, the degree of a multihomogeneous element 
of multidegree (ai, . . . , am) being X^JLi oij. Denote by !F^~^^ the sum of homogeneous components 
of positive degree in the graded algebra J- = J'n,m- Then !F^~^^ is a maximal ideal and T jT^'^^ = 
C. The ideal ker{(p) = ker(99^^) is homogeneous. By a minimal system of generators ofkev{ip) 
we mean a set of homogeneous elements that constitutes an irredundant generating system of 
the ideal ker((^). It is well known that a subset C ker((/?) of homogeneous elements is a 
minimal generating system of the ideal ker((/9) if and only if is a basis of a C-vector space 
direct complement of ker((/9) in ker((/3). This shows that although the minimal generating 
system is not unique, for each degree the number of elements in of that degree is uniquely 
determined. Even more, we may assume that A^ spans a GLm-submodule Span{A^} of J-", and 
the GLm-module structure of Span{A^} is uniquely determined by keic{ip). Indeed, note that an 
irreducible GLm-submodule of JF isomorphic to Vx is contained in the homogeneous component 
of T of degree |A| = X^JLiAj. Therefore we may take a GLm-module direct complement of 
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J^M 'ker(ip) in ker((/3), and a homogeneous C-basis of this complement is a minimal generating 
system of ker((/9) with the desired properties. 

Definition 2.3 For A E Par^ denote by multn^.m(A) the multiplicity of the irreducible GL^- 
module Vx as a summand in the factor GLm-module ker(93" ■ ker(y5"^), and for a 

partition A with more than m non-zero parts set mult„.m(A) = 0. 

Next we recall that the multiplicities mult„^m(A) have only a mild dependence on the parame- 
ter m. Note that a highest weight vector / of weight A in J-n,m is in particular multihomogeneous 
of multidegree A, hence is contained in the subalgebra J^n,h{x)- 

Lemma 2.4 Let f be a multihomogeneous element of multidegree A in J^n,h{x)! mi > 

m2 > h{X) be positive integers. Then f is a highest weight vector for the action of GL^^ on 
^n,mi if o-nd only if it is a highest weight vector for the action of Ghrn2 on J-n.m2 ■ 

Proof. This is well known, and follows directly from the rule giving the action of the unipotent 
subgroup (resp. 11^2 ) on Tn,rm (resp. J^n.ma)- □ 

Corollary 2.5 Let X be a partition. Then we have 

mult„,„(A) = |--1*-MA)(A) 

Proof. The case m < h{X) is trivial by definition of multn,m(A). Suppose m > h{X). Denote 
by Kn,m the kernel of ip : ^ Rn,m, and write K^xx) '■= Kn,m n J^n^^ix) kernel of 

the restriction of ip to ^^/^^x)- N he a GL/j(;!^)-module complement of h{X))^~^^ ^^M^) ™ 
Kn,h{X)- Decompose as a direct sum ^ Ni of irreducible GL;^(;^)-modules, and take a highest 
weight vector fi in Ni for all i. Then by Lemma 12.41 the fi are highest weight vectors for the 
action of GL^ on Tnm- Moreover, taking into account the Z^-grading, one can easily show 
that A^n {!F^ ^)^^^ Kn^m = 0, hence the fi are linearly independent modulo {T^ ^)^^^ Kn^m- This 
shows the inequality mult„ (A) < multn,m(A). The proof of the reverse inequality is similar. 
□ 

To simplify notation, write 

mult„(A) := mult„^;j(A)(A). 

The numbers mult„(A) (all but finitely many of them are zero) carry 
information on a minimal generating system of the kernel of (f : J-^ ^ 
Moreover, setting 

h{keT{ip)) := max{/i(A) | mult„(A) / 0} 

we have the following: 

Corollary 2.6 The kernel of ip : Rn,m is generated as a GLm-stable ideal by its inter- 

section with r^^^^^^^^^^y 

Proof. Let ©jMj be a GL^-module direct complement of ker(99) in ker((/?), where the 
are irreducible GL^-modules. Let fi be a highest weight vector in Mj. Then all the fi belong to 
•^n /i(ker((/3))' GL^-module ©jMj generated by the set {fi} generates ker((/9) as an ideal. 

□ ' 



if m > /i(A); 
if m < h{X). 



all the sensible numerical 
Rn,m by Corollarv 12.51 



5 



3 Main results 



First specialize to n = 3. The fundamental elements ^{wi, 102,103,1114) := '^i{wi,W2,W3,Wi) of 
ker((/93^m) defined in ^ (here wi, 1112,^^3,1114 G ^Am) take the form 

^{wi,W2,W3,W4) = —Qt{wiW2W3W4) 

+ 2t{wiW2W3)t{w4) + 2t{wiW2W4)t{w3) + 2t{wiW3W4)t{w2) + 2t{w2W3W4)t{wi) 
+ t{wiW2)t{w3W4) + t{wiW3)t{w2W4) + t{wiW4)t{w2W3) 

- t{wiW2)t{w3)t{w4) - t{wiW3)t{w2)t{w4) - t{wiW4)t{w2)t{w3) 

- t{w2W3)t{wi)t{w4) - t{w2Wi)t{wi)t{w3) - t{w3Wi)t{wi)t{w2) 
+ t{wi)t{w2)t{w3)t{wi). 

Next we define an element J3_2 and an element J4^2 in -^3,2; they have multidegree (3,2), 
and (4,2), respectively. To simplify notation, we write x,y instead of xi,X2, so consists of 
monomials in the commuting indeterminates x,y. 
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h,2 ■■= 2 (3*(xy, X, X, y) - 3^(x, x,x,y ) + ^{x, x, x, y)t{y) - ^'(x, x, y, y)t{x)) 

Ja,2 '■= 3^'(xy, xy, x, x) — 3^'(x, x, x, xy'^) + 2*I'(x, x, x, y)t{xy) 

- ^{x, X, y, y)t{x'^) — ^{x, x, x, y'^)t{x) 

The elements J3^2 and J4^2 are both contained in (i.e. they do not involve variables t{w) 
with deg(t(;) > 3). Indeed, direct calculation shows that 

J3,2 = Qt{x^y)t{xy) - 3t{xy'^)t{x'^) - 2t{x'^ y)t{x)t{y) 

+ t{xy'^)t{xf - At{xyft{x) + 2t{xy)t{xft{y) - 3t{x^)t{y'^) 

+ 4t{x^)t{x)t{y^) - t{xft{y^) + t{x')t{yf - t{x^)t{x)t{yf 

and 

J4 2 = 6t{x^yf + t{xyft{x^) - 3t{xyft{xf - 6t{x^)t{xy^) 
+ 2t{x^)t{xy^)t{x) + 4:t{x^)t{xy)t{y) 

- 2t{x^)t{xy)t{x)t{y) + 2t{xy)t{xft{y) - At{x^y)t{x^)t{y) 

- t{x^W) + t{x^ft{yf + 4t{x^)t{x)H{y^) 

- t{x^)t{x)H{yf - t{x)H{y') - 2t{x^)t{x)t{y^) 

Finally, denote by J2.2,2 the element for n = 3 defined by ^ in general. Clearly, J2,2,2 belongs 
to .7^33 and has multidegree (2,2,2). 

Theorem 3.1 We have 

'1 /orA = (3,2), A=(4,2), and A = (2,2,2); 
for all other A. 



mult3(A) 



For m > 2 the elements J3^2, Ja,2 G ^3m generate irreducible GLm- sub-modules ^(^2) ~ ^(3,2) ^ 
A'"^™2) — ^(4,2) ker(99), and for m > 3 the element J2,2,2 £ ^3m generates an irreducible GL^- 
submodule 2 2) — ^{2,2,2) in'kev{ip). Furthermore, choose arbitrary C-bases 2) ^ ^(42)' ^{222) 
in NJ^^^y N(2,2y N^,2,2)'set := ^[^,2) U ^[^,2) U Q]^2,2,2) ^^en m > 3 and \= Q^^) U 4,2)- 
Then is a minimal generating system of the kernel of the surjection : J- 3^ — > -Rs,™ for any 
m>2. 
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In classical language (see for example [16]), the elements in the GLm-module generated by 
/ G ker((^) are called the polarizations of f. So Theorem 13.11 can be paraphrased as follows: the 
polarizations of J3^2, Ji,2^ '^2,2,2 minimally generate the ideal of relations among the polarized 
power sums of degree at most three in dimension three. 

For an arbitrary n we show that the ideal of relations between the polarized power sums can 
not be generated in degree strictly less than 2n: 

Theorem 3.2 Suppose m > n. The element J E ker((/3^^) given in (0j does not belong to the 

ideal (J^nm)^^^ ' ^^^ifn m)- -^'^ particular, denoting by 2" := (2, . . . , 2) G Par„ the partition with 
n non-zero parts, all equal to 2, we have mult„(2") = 1. 

Denote by /3(n, m) the largest degree of an element in a minimal generating system of the ideal 
ker((/7^ ^) of relations between the polarized power sums. We summarize our present knowledge 
of f3{n, m). The general upper bound 

P{n, m) < — n + 2 

is pointed out in [6]. By Theorem 13.21 we have the general lower bound 

/3(n, m) > 2n for m > n. 

We have /3(2, m) = 4 for all m > 2 (see for example [6]), and by Theorem 13.11 we have 

/3(3, m) = 6 for all m >2. 

Note that both for n = 2 and n = 3 the exact value of P{n, m) agrees with the general lower bound 
2n established here. Moreover, both for n = 2 and n = 3 we have the equality h{ker{ip'^ ^)) = n 
when m > n. 



4 Reduction to m = 4 

Proposition 4.1 IfVx occurs as an irreducible Ghm-module summand in the degree d homoge- 
neous component of J-'^^, then h{X) < 

Proof. Denote by S'^{M) the A:th symmetric tensor power of the GLm-module M. The degree d 
homogeneous component of J^^j^ is isomorphic as a GLm-module to 

S^K^d)) ® ^''^(%) ® • • • ® S'^"(^(n)). (4) 

di+2d2+Zd3~\ \-ndn=d 

Note that S"^i(V(i)) = V^d^), and for i > 2, 5'^'(V(i)) is a GL^-submodule of V(i) (g) • • • V(i) 
{di tensor factors), which involves only summands Vx with h{\) < di by Pieri's rule (1.5.16 in 
|12j). One concludes by the Littlewood- Richardson rule (1.9.2 in [12] that for the irreducible 
constituents Vx of @ we have h{\) < I + d2 + d^ ■ ■ ■ -\- dn < (the latter inequality follows 
from d = Y17=i ^di). □ 

Proposition 4.2 We have the inequality /i(ker ((/?)) < (n^ — n + 2)/2. Consequently, the kernel 
of ip : J^n,m ~^ Rn,m is generated as a Ghm-stable ideal by its intersection with („2_„_j.2)/2- 
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Proof. We know from Proposition 12.11 that ker((/9) is generated as an ideal by the sum M of 
its homogeneous components of degree < v? — n + 2. Decompose M as the direct sum Mi 
of irreducible GLm-modules. By Proposition I4.H M, = Va- for some Aj € Par^ with /i(Aj) < 
(n^ - n + 2)/2. Since M contains a GL^-module direct complement of {^nmY^^ ker(y?) in the 

GL^-module ker((/?), it follows that multn.mW = when h{X) > . This shows the 

inequality h(kei{ip)) < n? — n + 2, implying by Corollary 12.61 the second statement. □ 

For n = 3 we have = 4, hence by Proposition 14.21 it is sufficient to prove Theorem 13. II 

in the special case m = 4. 

5 Minimality 

Throughout this section we assume n = 3. First we determine the GLm-module structure of the 
kernel K^^m of V • -^Im ~^ R3,m up to degree 6. Denote by K^'^l^ the degree d homogeneous 
component of i^a,™- Note that similarly to Corollarv 12.51 one has that the multiplicity of V\ as a 
summand in the GL;^(;^)-module K^ ^x) is the same as the multiplicity of Vx in the GL^-module 
Ks^m for an arbitrary m > h{X). 

Proposition 5.1 We have K^'^l^ = for d < A, and for d = 5,6 the following GLm-module 
isomorphisms hold: 

<i = %2) form>2; 

Kf)a = 2 • ^(4,2) + ^(3,3) + V(3,2,l) + ^(2,2,2) for m > 3. 

Proof. The fact that K^^l^ = for d < A follows for example from Proposition 12.11 Denote by 

(•^3 m)^'^'* -^3*^^ degree d homogeneous component of and R'^-m- By formula (jl]) we 
have 

= + 5^(^(1)) V(2) + ^ V(3) + V(2) ® F(3) + ^(1) ^ S\V^^^)) 

= + 3 • F(3) ® V{2) + Vd) ® 5' (^(2)), 

whereas 

{H,mt'^ = %) + V(4) ® ^(2) + % ® % + ^(2) ® S\V^2)) 
+ ^(1) ® F(2) ® % + S3(V(2)) + 

By Pieri's rule and some known plethysm formulae (see Section 1.8 in [12]) one derives 

(^3%)^'^ - 5 • V(5) + 4 ■ ^(4,1) + 4 • ^(3,2) + V(2,2,l) 

and 

(•^1,™)^'^ ^ 7 • V(6) + 5 • ^(5,1) + 8 • ^(4,2) + + 2 • V(3,3) + 2 • V(3,2,l) + 2 • V(2,2,2)- 

To determine the GL^-module structure of i?3,m we start from the action of GL3 x GL^ on 
C[y"] = C[xjj I i = 1, 2, 3, j = 1, . . . , m] by C-algebra automorphisms given on the generators 
as follows: {g,h) e GL3 x GL^ sends Xij to the (z,j)-entry of the matrix g'^ {xij)lZi2^h. 
Cauchy's formula (1.4.3 in |12j) tells us the GL3 x GL^-module structure of Cfy™]: 

c[y™]^ Vx®Vx 
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Consequently, the multiplicity of Vx in -Rs^m equals dimc(F;f^), where we identify S3 with the 
subgroup of permutation matrices in GL3, and we write V^^ for the subspace of S'3-fixed points 
in the GLa-module Vx. By the Jacobi-Trudi Formula (1.3.4 in [12j), the character of an element 
g (z S3 on Vx (where h{X) < 3) equals the determinant of the 3x3 matrix whose (i,j)-entry is 
-i+jizi,Z2, Z3), where hk{zi,Z2, Z3) is the A:th complete symmetric polynomial in the eigenval- 
ues zi,Z2,Z3 oi g G 5*3 < GL3. On the other hand, if g £ S3 < GL3 has eigenvalues ^1,22,^3, 
then hk{zi, Z2, Z3) equals the number of monomials of degree k in the variables xi,X2,X3 fixed 
by g (where ^3 acts by permuting the variables). Based on this one can quickly compute the 
GLm-module structure of R3^m, and gets 

41 = 5 • ^(5) + 4 • F(4,l) + 3 • 1/(3,2) + ^(2,2,1) 

and 

-^3^ - • + 5 • V{5,1) + 6 • V(4,2) + V(4,i,i) + V(3,3) + V(3,2,l) + V(2,2,2)- 

Since the multiplicity of Vx in i^3,m equals the difference of the multiplicities of Va in 
and in R3^rn, the statement follows. □ 

Proposition 5.2 J3,2; J4,,2, >^2,2,2 o,re highest weight vectors for the action of GLm on K3^rn, o,nd 
none of them is contained in the ideal {J-^^)^~^^K3^ra- 

Proof. Recall that the multidegree of any element of Vx is lexicographically smaller than A. 
Therefore Proposition 15.11 shows that the multihomogeneous component of multidegree (3,2) in 
^3,m is one-dimensional, and its non-zero elements are the highest weight vectors of the summand 
V(3,2). On the other hand, J3,2 belongs to K3^rn and has multidegree (3, 2), so it is a highest weight 
vector. Moreover, since i^3,m. does not contain elements of degree less than five, we conclude that 
J3,2 is not contained in {T3 ^)'^~^^ K3^rn- 

Similarly, an inspection of the decomposition of K^l^ given in Proposition 15.11 shows that 
the multihomogeneous component of multidegree (4, 2) is two-dimensional, and all its non-zero 
elements are highest weight vectors generating a submodule isomorphic to V(4,2). Consequently, 
J4,2 is a highest weight vector. 

By Proposition 12. 21 we know that g- J2,2,2 = det^(5f) J2,2,2 for any g £ GL3, hence in the special 
case m = 3, ^2,2, 2 spans a one-dimensional GL3-submodule isomorphic to V(2,2,2)- Consequently, 
«^2,2,2 is a highest weight vector for any m > 3 by Lemma |2.4[ 

Since the minimal degree of an element of K3^m is 5, we have 

m 

Note that J4,2 contains the term 6t(xfx2)^ and ^2,2, 2 contains the term 3t{xiX2)t{xiX3)t{x2X3) . 
We conclude that none of them is contained in (^3 ^)(+)i^3,m- D 

Denote by 2) ' ^(4 2) ' ^{2 2 2) GLm-submodules in T^^^ generated by J3,2, ^4,2, «^2,2,2- 

Corollary 5.3 NJ^^)! -^(42)' '^'^'^ ^(222) irreducible GLm-submodules of K3^m isomorphic 
to ^(3,2); ^(4,2); 0^^*^ ^(2,2,2)- Moreover, the intersection of N^^^ + ^(22) + ^(22 2) ^'^'^ ideal 
i^imY~^^K3,m is zero. 



9 



Proof. Taking into account the multidegrees of ^3,2) -^4,2; "^2,2,2; the first statement immediately 
follows from Proposition 15.21 Moreover, -^(3 2); -^(4 2)' -^(2 2 2) pairwise non- isomorphic irre- 
ducible GLm-modules and none of them is contained in the GLm-module {T^ K^^m (again 
by Proposition I5.2p . hence their sum N^^-^ + N^^-^ + A^(^2 2) disjoint from (:F|„^)(+)i^3 „ by 
basic principles of representation theory. □ 

Choose arbitrary C-bases 2) ' ^(4 2) ' ^'^'^ ^(2,2 2} ^(3 2) ' ^(4 2) ' ^^"^ ^(2 2 2) ' ^'^'^ 
C/™ := ^^2) U ^(4 2) '-^ ^(22 2)' Then by Corollary 15.31 y"^ can be extended to a minimal system 
of generators of the ideal Ks^m- To prove that Q'^ is actually a minimal system of generators of 
K^^rn, it is sufficient to show that the ideal K^^^n can be generated by \G^\ elements. 

Recall that the dimension of the GLm-module Vx (where A G Par^) equals 

d\{m) := r^— 

1 — i 

l<i<j<rn •' 

by the Weyl dimension formula (see for example (7.1.17) in [7j), and so 

l^"! = C^(3,2)("i) + d(4,2)("l) + d(2,2,2)("l)- 

6 Hironaka decomposition 

It is well known that 

P:={[x,],[x2],[x3] I j = l,...,m} 

is a homogeneous system of parameters in i?3,m- Write C[P] for the C-subalgebra of R generated 
by P. It is a polynomial ring in the 3m generators, and i? is a finitely generated C[P]-module. 
Moreover, since R is Cohen-Macaulay, it is a free C[P]-module. A set S C R^^m of homogeneous 
elements constitutes a free C[P] -module generating system of R if and only if the image of S is a 
C-vector space basis of the factor algebra R/{P) of R modulo the ideal (P) generated by P. The 
elements of P (respectively S) are refered to as the primary (respectively secondary) generators 
of -R3,m, and 

^3,m = 0C[P]-s (5) 

the Hironaka decomposition of i?3,m- Write Q := {[x"^ ■ • • x^] \ ai + ■ ■ ■ + Om < 3} for the 
chosen minimal C-algebra generating system of Rs^m- We have Q D P, and we may assume 
that S consists of products of powers of the elements of Q (in particular, then S consists of 
multihomogeneous elements, and the empty product 1 G S). Recall that the Hilbert series of 
an N™-graded vector space A := with dimc(j4'^) < cxo is the formal power series in 

Z[[ti, . . . ,tm]] defined by 



H{A-ti,...,t^):= Yl dimc(^")tr 

a=(oi,...,am) 



It follows from ([5]) that 

TT(n + + ^_ -H'(Spanc(S);ti,...,t^) 

^ • • • '^'"^ - n,"Li(i - t,)(i - t|)(i - 1]) 

where Spanj^(S) is the C-subspace in R spanned by S (since S consists of multihomogeneous 
elements, it is N^-graded). On the other hand, the Hilbert series of R can be explicitly calculated 
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(see Section [7]) , and from this we know the number of elements of S having multidegree a for 
each a. 

The following two statements provide our basis to find a complete system of relations. 

Lemma 6.1 Fix a positive integer d, and let S he a finite set of monomials in the elements of 
Q, each element of S having degree at most d, and suppose that S satisfies the following: 

(i) 1 G 5, andQ\PC S; 

(a) For each e = 1, . . . ,d, the number of degree e elements in S equals the number of degree e 
elements in a system of secondary generators of R^^m. 

(Hi) For any s € S and q £ Q \ P with deg(s • q) < d there exist scalars ^ C (a £ S, 
deg(a) = deg(sg) ) with 

s-q- Yl 7aaG(P). (7) 

deg(a)=deg{sg) 

Then S can be extended to a system S of secondary generators of Rz,m such that S coincides with 
the subset of degree < d elements ofS. 

Proof. A straightforward induction on the degree. □ 

We shall use the following notation: for /i, /2 € R, we write /i = /2 if /i — /2 S (P)- For 
example, ([7]) reads as 

s-q= ^ 7a«, 

dcg{a)=deg{sq) 

and it means that there exists a multihomogeneous element in the kernel K^^^n of the surjection 
if : J^^^ Rs^rn such that 

m 3 

deg{a)=deg{sq) j=l k=l 

where given a product c = [wi] ■ ■ ■ [wi] of the generators [wi] £ Q we write c* := t{wi) ■ ■ ■ t{wi) € 
J-. (Of course, rl is not unique, it is determined modulo the intersection of i^s^m and the ideal 
on the right hand side of dS]).) 

Lemma 6.2 Suppose that the assumptions of Lemma \6.1\ hold. For all s £ S, q £ Q\P with 
deg(gs) < d choose an element satisfying ^B^. Then the ideal generated by the rt contains all 
homogeneous components of K^^rn up to degree d. 

Proof. Straightforward. □ 

We shall use also the special case n = 3 of Lemma 6.1 from [6]: 

Lemma 6.3 // the monomial x'^^ ■ ■ ■ £ Mm has degree at least 3 in one of the variables 
xi, . . . , Xm, and ai + ■ ■ ■ + am > 4, then • • • x^] = 0. 
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7 Hilbert series 



In this section we express the Hilbert series of i?3,m in a form that is practical to evaluate for small 
m. The symmetric group S3 has three irreducible complex characters: XO) the trivial character, 
Xi, the character of the 2-dimensional irreducible representation, and X2i the sign character. 
Denote by C the character ring of 6*3; i.e. C is the subring of the algebra of central functions on 
53 generated by XO) Xi) X2- It is a free Z- module spanned by XO) Xi; X2- The multiplication in C 
is given as follows: xo is the identity element, Xi = Xo + Xi + X2) xi = XOi Xi ■ X2 = Xi- a 
graded 53-module A := ©^q^^*'^ ^e set H^i{A;t) := mult^ii^^''))**^, where multx,(^('^)) 

denotes the multiplicity of the irreducible representation with character Xi as a summand of A^^\ 
Moreover, set 

2 

One defines the Hilbert series of a multigraded S'3-module in a similar way. Clearly, the Hilbert 
series of the multigraded vector space R coincides with the coefficient of xo in 



Hs,{C[V^];h, . . . , i^) G ^ Z[[ti, . . . , t^]]xi. 



i=0 

We have the isomorphism C[V"^] = C[V] (g) • • • (g) C[V], hence 

m 

Hs,{C[V"'];h, ...,tm) = ll Hs,{C[V];t,) 

where multiplication is undestood in the ring of formal power series C[[ti, . . . , tm]] with coefficients 
in the character ring C of 5*3. It is well known that 

' ^ (l-t)(l-t2)(l_t3)- 

Taking into account ([6]) we conclude that the Hilbert series of a system of multihomogeneous 
secondary generators S (defined in Section [U]) equals the coefficient of xo in 

m 2 

n(X0 + (ii+i')xi + *iX2) e^Z[[ti,...,M]Xi. (9) 

j=l i=0 

8 The cases m = 2, 3, 4 

In this section we prove that the kernel K^^^ of the surjection ip : ^ i?3^4 can be generated 
by 

rf(3,2)(4) + d(4,2)(4) + rf(2,2,2)(4) = 60 + 126 + 10 = 196 

elements. By the concluding remarks in Section[5l it follows that Theorem 13 . 1 1 holds in the special 
case m = 4. This finishes the proof of Theorem 13.11 for arbitrary m by the concluding remark of 
Section [H 

To simplify notation, we shall write x, y, z, w instead of xi,X2,X3,X/^. 
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8.1 The case m = 2 

(This case is sketched in [6].) By ([9]) we have 

H{S; t,u) = l + tu + t^u + tv? + t^u^ + t^u^. 

Set 

S := {1, [xy], [x^y], [xy\ [xyf , [x^y][xy^]]. 
The equahty if{'^{x,x,y,y)) = yields the congruence 



[xV]^l[^y? (10) 

and the equahty ip{'if{xy,x,x,y)) = yields 

6[xy ■ X ■ X ■ y] = 4[x'^y][xy]. 

It follows by Lemma 16.31 that 

[x^y][xy]=0. (11) 

As explained before Lemma \(i.2\ to the congruence pi|) there belongs an element r^^2y^ G ^3,2- 
By symmetry in x and y, we have also the congruence and the corresponding relation: 

[xy'^][xy] = implied by r|^^lj G 7^:3,2- 

We have the congruence 

6[xy ■ xy ■ x ■ x] = A[x^y][xy] + 2[x^y]^ 

(obtained by substituting the factors of xy ■ xy ■ x ■ x on the left hand side into ^'), yielding by 
Lemma 16.31 

[x^f = and G Ks,2- 



r 2i 

By symmetry, [xy^]^ = from rf^^j ^ ^3,2- Finally, we have 



[x'^y] 

21 

[xy' 

6[xy ■ xy ■ X ■ y] = 5[x^y^][xy] + 2[x^y][xy^] — [xy]^ 
and taking into account Lemma 16.31 and (jlOp we get 

[xy]3 EE -3[x2y][xy2] and r^^^^j. 

Clearly we can choose r|^^| = 0. Multiplying the congruence pT]) by [xy^] we get [xy] ([x^y] [xy^]) = 
0, hence we can choose 

t(xv'^) ■ r'""^' 

[x'^y][xy'^] ' \ y / [x'^y]' 

Similarly, it is easy to see that for the remaining s G S" and q (z Q\P the element rj can be chosen 
from the ideal generated by the 5 elements of if3,2 introduced already. It follows by Lemma l6. II 
that is a system of secondary generators of -R3,2; and by Lemma [6.21 the ideal i^3,2 is generated 
by 

^l=^y] ^[^y] ^[x'^y] ^[^y] ^i^y"^] 

[x'^y] ' ' [x^y] ' [xy] [xy] ' [xy^] ' 

Moreover, since (^(3,2) (2) + f^(4,2)(2) = 2 + 3 = 5, the above is a minimal system of generators of 
the ideal K^, 2 • 
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8.2 The case m = 3 



In Table [T] we collect the monomials in the elements of Q \ P of descending multidegree a with 
all ai > 0, up to total degree 8. Monomials congruent to are indicated by * (and we indicate 
by -k the multidegrees where all monomials are congruent to 0), and the symbol ~ indicates that 
some non-zero scalar multiples of the given monomials are congruent modulo (P). Table [2] should 
be interpreted as follows: its second line for example says that in multidegree (3, 1, 1) we have 
the congruence [a;^y][xz] + = 0. Hence we may choose a multihomogeneous element 

^3,1,1 £ -f^3,3 of multidegree (3, 1, 1) differing from t{x^y)t{xz) + t(x'^ z)t{xy) by an element of the 
ideal of generated by i(a;*), i = 1,2,3. (From now on we change the notation for 

the relations, the lower indices indicate their multidegree.) 

Note that Spanj^(P) and the ideal (P) are not GL^-submodules in Rn,m- However, they are 
S'm-sub modules, where we think of the symmetric group Sm as the subgroup of GL^ consisting 
of permutation matrices. Observe that some of the congruence in Table [2] are symmetric or 
skew symmetric in two variables, and some is symmetric in x,y,z. We may assume that the 
corresponding elements ?'3,i,i, ^'2^21' chosen so that they also have the corresponding 

symmetry or skew-symmetry. The last two columns of Table [2] contain the number of ^a-translates 
(resp. S'4-translates) of the relation listed in the third column, where we count the S^-translates 
up to non-zero scalar multiples, so by the above observation the number of Sm-translates of r 
equals the index in Sm of the stabilizer of the congruence corresponding to r. 

Denote by G the relations listed in the third column of Table [5] and all their S's-translates. 
Note that the sum of the numbers in the last but one column of Table [2] equals the cardinality 
of Q, so 1^1 = 43. 

Using the S's-translates of the relations in Table [2] one can easily justify the * symbols and 
the equivalences ~ in Table [TJ This means that up to total degree 8, all monomials (having 
descending multidegree) in Q\P can be reduced to linear combinations of the monomials given 
in Table [3l (For multidegrees with = 0, this was shown already in section 18.11 ) One can 
easily see from Q that for each descending multidegree a, the number of elements in Table [3] 
with multidegree a coincides with the coefficient of t^^tg^tg^ in ff(S; ti, ^2, ^3)- Define S as 
follows: in descending multidegrees its elements are listed in Table El and if /3 is a multidegree 
in the S's-orbit of some descending multidegree a, then choose a permutation vr € S3 with 
Pi = and include in S the images under tt of the elements of multidegree a in Table El (Of 

course, the set S is not uniquely defined: for certain multidegrees, say for multidegree (1,3,1) 
we may choose for vr the transposition (12) or the three-cycle (123). However, this does not 
influence the arguments below.) Since the set Q is (essentially) Sa-stable, it follows that up 
to degree < 8, all monomials in Q \ P can be reduced to linear combinations of S using the 
relations in Q. Moreover, H{S;ti,t2,t3) = H{S;ti,t2,t3). Consequently, by Lemmas 16.11 and 
16.21 S is a system of secondary generators, and Q generates the ideal 3 up to degree 8. We 
know from Proposition 12.11 that 3 is generated in degree < 8, hence Q generates i^s^s. Since 
^^{3,2)(3) + c^(4,2)(3) + rf(2,2,2)(3) = 15 -|- 27 -|- 1 = 43 = |^ | , we conclude that ^ is a minimal system 
of generators of the ideal K^^^. 

We finish this Section with the proof of the congruences in Table [21 The relations r3^2; ^"4,2; 
^^3,3 were explained in section [5TT1 The relation ip{^{wi,W2,W3,W4)) = implies a congruence of 
multidegree nm[tideg{wi'W2WsW4) of the form 

[Wi ■ W2 ■ W3 ■ Wa] = ■ ■ ■ 

where • • • is a linear combination of monomials in elements [u] with deg(n) < deg{wiW2W3W4) , 
which can be written as a polynomial in the elements oi Q\P using p2|) below. 
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^3,1,1^ y^{'^{x'^,x,y, z)) = and [x'^yz] = (by Lemma lO]) imply 
= 6[x'^yz] = 6[x^ ■ X ■ y ■ z] = [x'^y][xz] + 

r^2 1? ^^2^2 i' Eliminate [x'^y'^z] from the following consequences of the fundamental relation: 

6[x ■ y ■ z ■ xy] = 3[xy][xyz] + [2;2:][xy^] + [x^y][yz] 

6[x^ ■y-y-z] = 2[x'^y][yz] 
6[x ■ x ■ y'^ ■ z] = 2[xy'^][xz] 

^^4,1,1: We have = [x^yz] = [x^ ■ x^ ■ y ■ z] = |[x^y][x^z]. 

r^l 1^ Follows by = 6[x^y'^z] = 6[x^ ■ x ■ y"^ ■ z] = [x'^y'^][xz] + [x^2][xy^] and (fTUj) . 
ri^l i' The congruences = 6[x^t/^z] = Q[xyz ■ x ■ x ■ y] = 2[x'^y][xyz] + 2[x^y2:][xy], and 

[x^yz] = ^[xy][xz] (12) 
yield [xy]^[x2:] + 3[xyz][x^y] = 0, and this and r^^l ^ imply r^l ^. 

r^2 21 '^'22 2' Eliminate [x^y^z^] from the congruences 

6[x • X • y^ • z^] = 2[xy^][xz^] 
6[x^ ■y-y-z^]= 2[x^y][yz^] 

6[xyz ■ X ■ y ■ z\ = 2[xyz^ + [x^yz][yz] + [xy^2:][xz] + [xyz^][xy] 
6[xy ■ x-y ■ z^]= 3[xy][xyz^] + [x^y][yz^] + [xy^][xz^] 

and use (fl^ . 

8.3 The case m = 4 

The arguments are the same as in section [8^21 We just give the corresponding tables and prove the 
new congruences (involving all the four variables) . Tables HI O and E] deal only with multidegrees 
a with all ai, 02, 03, 04 > 0, since the remaining multidegrees have been taken care in section [8^21 

The congruence in Table H] corresponding to ?^2, 1,1,1 is symmetric in the variables z,w^ hence 
the number of its 54-translates is ^ = 12. The same holds for rs^i.i^i and ^ The congruence 
corresponding to r^22 1 1 symmetric in the variables x, y and also in the variables z, w, hence 
the number of its S4-translates is = 6. The congruence corresponding to r^l n is unchanged 
if we simultaneously interchange x, y and z, w, hence the number of its S'4-translates is ^ = 12. 

The set Q of all S'4-translates of the relations listed in Tables [2] and H] has cardinality \G\ = 196. 
(This agrees with 1^(3,2) (4) + ^(4^2) (4) + c?(2,2,2) = 60 + 126 + 10 = 196.) Table together with 
Table [3] give a system of secondary generators up to degree 8 in descending multidegrees. 

An inspection of Tables H] and E] shows that up to degree 8, all monomials in the elements 
of (5 \ -P with descending multidegree can be reduced to a linear combination of elements listed 
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in Table [5] using the S4-translates of the relations in Tables [2] and |H We just give some sample 
examples: 

[x^y] [xz] [xw] = — [x^z] [xy] [xiu] = [x^iw] [xy] [xz] = — [x^y] [xz] [xw] 

by the relations ^3^1^!, r3^o,i,i) ^3,1,0,1 1 hence all the above products are congruent to 0. The 
relations ~ in multidegree (3,3,1,1) can be derived as follows (at each congruence we indicate 
the relation whose 5m-translate is used): 



1 '■3^21 '^3^21 4^2 1 rail 

[xy]^[xz][y'u;] ' '= ' ' [x'^y][xyz][yw] = [x'^ z][xy'^][yw] =' -[x"^ z][y'^w][xy] 



3 

= [x^y][y^it;][xz] =' [xy^] [xytt;] [xz] = [x^y][xyit;][yz] = [x^if] [xy^] [yz] 



r3ii rail 4^21 4^2 1 ''■3^21 1 

= -[x'^w][y'^z][xy] = [x'^y][y'^ z][xw] = [xy'^][xy z][xw] ' '= ' ' --[xyf[xw][yz] 



Furthermore, 



-[xyj'^lzw] = 3[x^y][xy^][zit;] =' 3[xy2;][xy^][x^i;] + 3[xyu;][xy^][xz] 



hence by the above long chain of congruences we conclude 

[xy]^[zw] = — 6[x^y] [xyz] [yit;]. 
Finally we verify the four- variable relations. 

'^2,1,1,1^ Various substitutions into the fundamental relation yield 

6[x^ ■ y ■ z ■ w] = [x'^y][zw] + [x'^z][yw] + [x'^w][yz] (13) 

6[x ■ xy ■ z ■ w] = [x'^y][zw] + 2[xy][x2;u;] + [x2;][xyit;] + [xi(;][xy2;] (14) 
6[x ■ y ■ xz ■ w] = [x'^z][yw] + [xy][xzw] + 2[x2;][xyit;] + [xi(;][xy2;] (15) 
6[x ■ y ■ z ■ xw] = [x^w\[yz\ + [xy][x2;ii;] + [x2;][xyz«] + 2[xii;][xyz] (16) 
Now + dD - (USD - (USD) gives r2,i,i,i. 

^^2^2 11' 2^2 11' '^2'^2 1 1' make calculations more transparent, introduce the following tem- 
porary notation for the monomials of Q \ P of multidegree (2,2,1,1) : ai = [xy\^[zw\, 02 = 
[xy][x2;][yt(j], 03 = [xy][yz\[xw\, hi = [x^y][yzw], 62 = [xy'^][xzw], ci = [x^ z\[y'^w], C2 = [x^w][y'^z], 
d= [xyz\[xyw\. Using (fTUj) . their 54-translates, and 

Q[xyzw\ = [xy\[zvo\ + [xz\[yw\ + [xw\[yz\ (17) 

various substitutions into the fundamental relation yield 
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Ill,, 

6[xy -xz-y -w] = ^01 + -^a2 + ^as + 02 + « 

111, 

6[xy -x-yz-w] = ^01 + ^02 + ^as + Oi + d 

6[x^y • y • z • -u;] = -^ai + + ^03 + 26i 
2 2 

6[a;y ■ xy ■ z ■ w] = -a2 + -03 + 2(i 

n 1 1 1 

6 -x-yw -y] = -ai + -^2 + ^03 + ci + d 
bib 

111 

Q[xw - x-yz-y] = -ai + -^2 + 7703 + C2 + d 
b b 2 



Equations US^), ((TgD, ([20]) imply 

61 = 62 = d 

/ON 

(in particular, relation 1 1)- From equations (fTSj) . and (f2T|) we conclude 

ai = «2 + 03- 

Taking the difference of ([2T]) and (p2|) . and eliminating ai by (j25|) we get 

^03 = ci-d. 



Taking the difference of (PT|) and ([25]) . and eliminating ai by ([25]) we get 

■^02 = C2 - d, hence ?^2^2,i,i- 



Finally, (125|), (126]), (I27|) yield 



ai = 3ci + 3c2 — 6(i, hence r2^2 1 1 • 



'^3,1,1,1- 



2 

= 6[x'^yzw] = b[x ■ xy ■ xz ■ w] = -[xy][xz][xw] + [x'^y][xzw] + [x^2;][xyt(;] 



Permuting y, z, w we get 

2 



= - [xy] [xz] [xw] + [x^y][xzit;] + [x^if] [xyz] 
o 

2 

= - [xy] [xz] [xti;] + [x^2:][xytt;] + [x^tt;][xy2;] 



Now (I28|) + (129]) - (I30|) gives 1 1 1 . 
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9 The proof of Theorem [372 



First we point out that the kernel ker((/9^ of the restriction of if to J^^^ is described by the 
second fundamental theorem for vector invariants of the full orthogonal group (cf. Theorem 2. 17. A 
in [16J). 

Proposition 9.1 The ideal ker((/?^^) is (minimally) generated by the GLm-submodule of J^"^ ^ 
spanned by J. 

Proof. Denote by 0(1^^) the orthogonal group, i.e. 0(y) consists of the linear transformations 
of y = C" preserving the standard quadratic form {vi, . . . ,Vn) ^ Yl^=i'^i- The orthogonal 
complement Voof(l,...,l) G V consists of the vectors in V with zero coordinate sum. We identify 
the stabilizer of (1, ... , 1) in 0{V) with 0(Vo) in the obvious way. Note that the elements of Sn 
as transformations on V do belong to 0(Vo). As an immediate corollary of the first fundamental 
theorem on vector invariants of the orthogonal group (cf. Theorem 2. 11. A in [16]) we conclude 
that (fi^l^) = C[y"]°(^') C Rn,m- Set hj := [xiXj] - for l<i,j <m. The projection 

from V ^ Vo with kernel spanned by (1, . . . , 1) induces an identification of C[Vq"]^(^°^ with the 
subalgebraof C[l^'"]°(^o) generated by the bij. Moreover, C[y'"]°(^o) is an m- variable polynomial 
ring over C[Vo"]°(^'') generated by [xi], . . . , [xm]- Denote by L the subalgebra of T^^^ generated 
by Uij := t{xiXj) — ^t{xi)t{xj), 1 < i, j < n. By the above considerations, the ideal ker((y9^^) is 
generated by the kernel of the restriction ip\L of (p to L. Now the kernel of (p\l '■ L — > C[1q™']^^^°\ 
Uij I— > bij is given by Theorem 2. 17. A in |16j . stating that it is generated by the polarizations of 
J. □ 

Let I be a highest weight vector in ker((^) of weight 2" = (2,..., 2). We claim that / 
necessarily belongs to J-"^ ^, and if I is contained in • ker(99), then I is necessarily contained 
in {T"^ m)^^^ ■ k^^lv'n m)- clear that Theorem 13.21 follows from this claim and Proposition 

To prove this claim, given a polynomial GLm-module U and a partition A E Par^, denote by 
\{U) the A-isotypic component of U (i.e. the sum of the GLm-submodules of U isomorphic to 
the irreducible GLm-module V\). Write X C fi (where X, fj, G Par^) if Aj < /ij for i = 1, . . . , m. It 
follows from Pieri's rule that denoting by A the ideal in generated by the t{w) with deg{w) > 3, 
we have A C X](3)cA ^i-^)- Since Tn^^ is a GLm-module direct complement of A, the 2"-isotypic 
component of is contained in Tn,m- particular, I belongs to J^n,m- 

Again by Pieri's rule, the ideal generated by X{T) is contained in X^ac/^ /^(•^)- So if / € T'^'^'^ ■ 
ker((^), then / € 'Z\C2" ^^^'^ K^^^iv))- A gain since J-"^ is a GL^-module complement of A, 
we conclude that A(ker(c/?)) < J^nm whenever A C 2", hence / € Ylxc2^ ^^^^ ^O^^^i^n m))- Using 
the retraction ^n,m with kernel A, we conclude that / is contained in {^n,m)^^^ ' ^^^i'Pn,m)- 
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Multidegree 


3-variable monomials in 


the elements of Q\P 




[xyz] 


(2.1.1) 




(3,1,1) 




x^y][xz] ~ 


[x^z] [xy] 




(2,2,1) 




xz], [xyz][xy]* 




(4,1,1)* 




[x'^y] [x 


'^zY 




(3,2,1) 


[x'^y\[xyz\ 1^ \x'^z\[xy^\ ~ [a;?/]'^[a;2:] 


(2,2,2) 


[xyzY ~ [x^y][yz^] 


~ [x'^z][y'^z] ~ [xy'^][xz''^], [xy][xz][yz]* 


(4.2.1)* 


[nj 




-y] [xy] [rz]* 




(3 3 D* 


[x2/z][x|/]^*, [x^y][xy][yzY , [xy^][xy][xzY 


(3,2,2) 


[x'^y\[xz\[yz\ 


~ [x^2;][xy][yz] ~ [xy]'^[xz% 


[xyz][xy][xz]* , 


(5,2,1)* 


[x^2/]^[xz]*, [x^y][x^z][xi/]* 


(4,3,1)* 


[x^y][x^y][yz\*, [x^y][xyz\[xy]* , [x^y\[xy%xzY , [x^ z\[xy%xy]* , [xyf[xz\* 


(A 9 9^* 


[x^y][x^z\[yzW [x^y\[xyz][xzY , [x^y\[xy][xz^]* , 
[x^z] [xy^] [xz]*, [x^z] [xyz] [xy]*, [xy]^[xz]^* 


(3,3,2)* 


[x^y\[xyz\[yzY , [x^y][xy][yz^Y , [x^y][xz\[y^ , [x^z][xy^][yzY , 
[x^ zWxyWy"^ zY , [xy%xyz][xzY , [xy'^][xy][xz'^Y ^ [xyzflxyY-, [xyY[xz\[yzY 




Table 1: 3- variable monomials in Q \ P 




JVLulticlegree 


Congruence 


Relation 


^{Ss translates} 


(j{54 translates} 


f*^ 9 (Tl 


[xAj] [x'^y] = 




6 


12 


(3,1:1) 


[x''y][xz] + [x''z][xy]^0 




3 


12 


(2,2,1) 


[x'^y][yz] - [xy'^][xz] = 


^2,2,1 


3 


12 


(2,2,1) 


[xy] [xyz] = 


^2,2,1 


3 


12 


(4,2,0) 


[x'y]'' = 


^4,2 


6 


12 


(4,1,1) 


[x^i/][x^z] = 




3 


12 


(3,3,0) 


[xy]^ + 3[x^y][xy^] = 


r3,3 


3 


6 


(3,2,1) 


[x^y][xyz] — [x^2;][xy^] = 


"3,2,1 


6 


24 


(3,2,1) 


[xy]2[x2;] + 3[x'^ z][xy'^] = 


^^3,2,1 


6 


24 


(2,2,2) 


Mb^lM = 


Jl) 
^2,2,2 


1 


4 


(2,2,2) 


[xyz]'^ — [xy'^][xz'^] = 


J2) 
^2,2,2 


3 


12 



Table 2: Relations in the case m = 3 
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Degree 


Multidegree 


Secondary generators 





(0,0,0) 


1 


2 


(1,1,0) 


[xy] 


3 


(2,1,0) 


[x^y] 


3 


(1,1,1) 


[xyz] 


4 


(2,2,0) 


[xyf 


4 


(2,1,1) 


[xy] [xz] 


5 


(3,1,1) 


[x'^y] [xz] 


5 


(2,2,1) 


[x'^y] [yz] 


6 


(3,3,0) 


[x'^y] [xy^] 


6 


(3,2,1) 


[x^y] [xyz] 


G 


(2,2,2) 




7 


(3,2,2) 


[x^y] [xz] [yz] 



Table 3: Secondary generators in the case m = 3 



Multidegree 


Congruence 


Relation 


tj of S'4-translates 


(2,1,1,1) 


[x^y] [zw] = [xyz] [xw] + [xyw] [xz] 


^2,1,1,1 


12 


(3,1,1,1) 


[xy][xz][xw] = —3[x'^y][xzw] 


^3,1,1,1 


12 


(2,2,1,1) 


[xy]'^[z'w] = 3[x'^ z][y'^w] + 3[x^t(;][7/^z] — 6[xyz][xyw] 


^^2,2,1,1 


6 


(2,2,1,1) 


[xy][xz][y'w] = 3[x'^w][y'^ z] — 3[xyz][xyw] 


^2,2,1,1 


12 


(2,2,1,1) 


[x'^y][yzw] = [xyz][xyw] 
Table 4: 4-variable relations in the case m 


J3) 
'^2,2,1,1 

= 4 


12 



MTiltidcgrcc 


Secondary generators 


(1,1,1,1) 


[xz][yw], [xw][yz] 


(2,1,1,1) 


[xy][xzw], [xyw][xz], [xyz][xw] 


(3,1,1,1) 


[x'^y] [xzw] 


(2,2,1,1) 


[x'^z][y'^w], [x'^w][y'^z], [xyz][xyw] 


(3,2,1,1) 


[x'^y] [xz] [yw] 


(2,2,2,1) 


[xy][xzw][yz], [xyw][xz][yz], [xy][xz][yzw] 


(3,3,1,1) 


[x^y][xyz\ [yiu] 


(3,2,2, 1) 


[xij;S\-[xw] 


(2,2,2,2) 


[x^ y] [yz] [zw^ ] , [x^ [y ^ li)] [zw] , [x^ u;] [y ^ z] [zw] 



Table 5: 4-variable secondary generators 
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Multidegree 


4- variable monomials in the elements of Q \ P 


(1,1,1,1) 


[xy][zw], [xz\[yw], [xw][yz] 


(2,1,1,1) 


[xy][xzw], [xz][xyw], [xw][xyz], 

r2ir ir2ir ir2ir i 

[x y\[zw\, [x z\[yw\, [x w\[yz\ 


(3,1,1,1) 


[x''^y][xzw] ~ [x^z][xyti;] ^ [x''^w][xyz] ~ [.xy] [zz] [xit;] 


(2,2,1,1) 


[xyz] [xj/it;] ~ [x^y] [yzi/;] ~ [xy^][a;zi(;], [a;^2][y^i(;], [x^ii)][y^z], 

[xy] [xw;] [yz] 


(4,1,1,1)* 


[x^y][x2:][xw]*, [x^z] [xy] [xtt;]*, [x^ti;][xy][x2:]* 


(3,2,1,1) 


[x^y][xz][yw] ~ [x^y] [xtt;] [yz] ~ [x^z] [xy] [yt/;] ~ 
~ [x^w] [xy] [yz] ~ [xy^] [xz] [xu)] ~ [xy]^[x2;it;], 
[x^y][xy][zw]*, [xyz] [xy] [xw]*, [xyw;] [xy] [xz]* 


(2,2,2,1) 


[xy][yz][xzw] ~ {x^z][yw][yz] ~ {xz^][xy][yw], 
[xz][yz][xyw] ~ [x^y][yz][z7i;] ~ [xy^] [xz] [zt/;], 
[xz] [xy] [yzu)] ~ [x2;][xu)][y^2;] ~ [xy][xit;][yz^], 

[x^u;][yz]^, [xy]^[z^w], [xz]^[y^u>], 
[xyz] [xy] [zw]*, [xyz] [xz] [yw]*, [xyz] [xw] [yz]* 


(5,1,1,1)* 


[x'^y][x'^z][xw]* , [x'^y][x''^w][xz]* , [x'^z][x^w][xy]* 


(4,2,1,1)'^ 


[x'^y]'^[zw]* , [x^y][x^z][yw]*, [x^y][x^i(;][yz]*, [x^y][xy2;][xit;]*, 
[x^y][xyt(;][x2;]*, [x^y][xy][x2;t(;]*, [x^z][xy^][xu)]*, [x^z][xyi(;][xy]*, 
[x^t(;][xy^][xz]*, [x^'u;][xyz][xy]*, [xy]^[x2;][x'u;]* 


(3,3,1,1) 


[x"^y][xyz][yii;] ~ [x'^y] [y'^z] [xu;] ~ [y'^z][xy][x'^^i'] ~ [xy"^] [yz] [x'^if] 
~ [x^y][yz][xyttj] r-^ [xy'^][xz][xyw] ^ [x'^y][xz][y'^w] ~ [x^z] [xy] [y^w] ~ 
~ [x^z][xy^][yi/;] ~ [xy^j [xyz] [xw] ~ [xy]^[xz][yit;] ~ [xy]^[yz][xu)] ~ 
~ [x^y] [xy^] [zu;] ~ [xy]^[zt(;], 
[xyz][xy][xyit;]*, [x^y][xy][yzw]*, [xy^] [xy] [xzti;]* 


(3,2,2,1) 


[xyz]"^[xtt;] ~ [x'^y][xyz][z7i;] ~ [x'^z][xyz][yw] ~ [x'^z][xy'^][zit;] ~ 
~ [x^y] [xz^] [yw] ~ [x^y][yz^][xttj] [x^z] [y^z] [xw] ~ [xy^] [xz^] [xw] ~ 
~ [y^z][xz][x^w] ~ [yz^][xy][x^w] ~ [xy]^[xz][zw] [xz]^[xy][yw], 
[xy] [xz] [yz] [xw]*, [x^y] [xz] [yzw]*, [x^z] [xy] [yzw]*, [x^y][yz][xzw]*, 
[x^z] [yz] [xyw]* [x^y] [xy] [z^w]*, [x^z][xz][y^w]*, [xy^] [xz] [xzw]*, 
[xyz] [xy] [xzw]*, [xz^] [xy] [xyw]*, [xyz][xz][xyw]*, [xyz][yz][x^w]* 


(2,2,2,2) 


[xz] [yz] [xw] [yw] ~ [x^y] [yz] [zw^] ~ [xy^][xz][zw^] ~ [x^y][yw][z^w] ~ [xy^] [xw] [z^w], 
[xy] [yz] [xw] [z7j.'] ^ [x^z][y^w][zw] ~ [x^z][yz][yw^] [xz^] [xy] [yw^] ~ [xz^] [xw] [y^w], 
[xy] [xz] [yw] [zw] r-^ [x'^w][y'^z][zw] ~ [x^w] [yz^] [yw] r-^ [xz][xw'^][y'^z] ~ [yz^][xy][xw^], 
[xyz][xy][zw^]*, [xyz] [xz] [yw^]*, [xyz] [yz] [xw^]*, [x^y][zw][yzw]*, 
[x^z][yw][yzw]*, [xy][xzw][yzw]*, [xyw][xz][yzw]*, [xyz] [xw] [yzw]* 
[xy^][zw][xzw]*, [y^z][xw][xzw]*, [xyw] [yz] [xzw]*, [xyz][yw][xzw]*, 
[xz^][yw][xyw]*, [yz^][xw][xyw]*, [xyz] [zw] [xyw]*, [xyw][xy][z^w]*, 
[xzw] [xz] [y^w]*, [yzw] [yz] [x^w]*, 
[xy]^[zw]^, [xz]^[yw]^, [yz]^[xw]^ 



Table 6: 4- variable monomials in Q \ P 
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